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Abstract

A self-contained variable-speed gait generation architecture is developed
with a focus on producing torque-optimal and stable gait transitions, based on
a central pattern generator producing gait patterns interpreted by a recurrent
neural network. This model is initialize to mimic the results of optimization
at fixed speeds. Preliminary results based on the initialized model suggest
sufficient capacity to achieve this goal but full optimization proves too time-
consuming to conduct. Further developments of this model are proposed, both
to generalize the results and to significantly reduce the training time by allow
end-to-end optimization.
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1 Introduction

Quadruped animals use a variety of gaits, which are well documented and studied

[1]. Depending on the relative ordering of footfalls, these gaits can be labelled as

a walk, pace, trot, or gallop; these gait categories remain consistent across species,

even though the duration of footfalls varies [2], [3]. The selection of the appropriate

gait appears to be largely dependent on the desired speed of movement with smooth

transitions typically appearing between gaits. A quadruped rover model based on the

structure of a domestic cat was developed by the author in a previous work and was

used to produce torque-optimal gaits at a small number of constant speeds [4]. This

work adapts the prior work to develop a novel online trajectory generation system

that is able to generate stable and optimal gaits at intermediary speeds, with specific

focus placed on the transitions between gaits.

Cross-species analysis of gait transitions has found that the transition speed is

approximately biomechanically equivalent even in species who exhibit very dissimilar

gaiting [5] and that the energy cost per kilogram for gaits is preserved across species

[6]. In studies examining gait transitions in cats, cats were observed employing two

distinct types of gait transition: a gradual transition in all limbs and an abrupt

transition in one limb and a gradual transition in the rest [7], [8]. These gradual

transitions often span across multiple step cycles, forming stable intermediary gaits.

To understand how gait transitions occur, the control mechanism of animals tran-

siting gaits during locomotion must be studied. There is enough evidence to suggest

that rhythmic patterns in animals are generated centrally in the nervous system with-

out the need for an external input [9], [10]. The collections of neurons responsible for

these patterns are collectively known as a Central Pattern Generator (CPG). Various

types of CPG models have been developed, such as connectionist models [11], vector

maps [12] and systems of coupled oscillators [13][14].

Most research on gait generation in robotic applications has focused on controller

design [15], dynamic analysis [16] or optimization [4], [17]; it is only relatively re-

cently that work attempting reproduce the dynamics of gait generation using CPGs
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has appeared [18]–[21]. CPGs are of interest here as they allow for autonomous and

stable modulation of known trajectories to produce a self-stabilizing design without

feedback. Particularly, they allow for the automatic selection and transition between

different gaits in multi-legged rovers. However, the existing literature has relied heav-

ily on empirically chosen parameters and gaitings, often directly switching between

multiple parameter sets for the CPG. Current research suggests that each CPG is

responsible for producing multiple motions, and that each motion is not associated

with a unique CPG [10]. Furthermore, the focus to date has been on producing stable

motion and analysing the ability of a CPG to modulate its output using various forms

of feedback – not on optimizing the resulting movement. This work seeks to address

these shortcomings by developing single CPG to generate the optimal movement at a

desired speed by transitioning through multiple gaits continuously, without auxiliary

inputs or modification.
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2 Background

2.1 Rover Model

An illustration of a quadruped rover and associated variables is given in fig. 1. The

associated geometric and physical properties are summarised in tables 1 and 2. To

understand the difference between the basic categories of gaits, several terms are

defined. The instant that a leg’s toe touches the ground is referred to as its Anterior

Extreme Position (AEP), while the instant when the toe takes-off is referred to as

the Posterior Extreme Position. The leg movement from AEP to PEP is referred to

as the swing phase, whereas the leg movement from PEP to AEP is referred to as the

stance phase, as illustrated in fig. 2. The ratio of stride time to the total cycle time

is known as the duty factor β. Using the front left as a reference, the relative phase

offset φ of each other leg can be used to distinguish between pace, trot, and lateral

sequence walks, as illustrated in fig. 3.

The desired motion for each leg can be defined in each phase by using its toe

position in the sagittal plane, x3(t) and z3(t), as well as the orientation of the

metacarpal/metatarsal link φ3(t), each in the form of a Bezier curve of order m

[22]:

δm(t) =
1

(tf )
m

m∑
k=0

m!

k!(m− k)!
tk(tf − t)m−k · ak (1)

Table 1: Denavit-Hartenberg (DH) parameters for the front and hind legs

Length
LB (cm)

Width
(cm)

Height
(cm)

Mass MB

(kg)

29.4 15.3 5.0 2.486

Table 2: DH and mass parameters for the front and hind legs

j aFj = LF
j (cm) αF

j dFj (cm) mH
j (kg) aHj = LH

j (cm) αH
j dHj (cm) mH

j (kg)

1 15.0 0 0 0.061 13.5 0 0 0.061
2 13.2 0 0 0.139 11.7 0 0 0.139
3 7.5 0 0 0.114 9.5 0 0 0.116
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Figure 1: Rover model in the sagittal plane.

Figure 2: Front leg models showing the stance (a) and swing (b) phases.
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Figure 3: The relative phases of the legs for a (a) general gait, (b) symmetric gait,
(c) pace, (d) trot and (e) lateral sequence walk. Note that 0 is the reference leg.

where tf is the duration of the curve and ak parametrizes the curve. With the

appropriate choice of boundary conditions for the Bezier curves (i.e. initial and

final position and velocity), the curves for both swing and stance phases form a

single continuous curve. Through inverse kinematics, this correspondingly defines a

continuous joint trajectory for each leg. Section 3.1 discuses the optimization of the

variables that define these trajectories.

For a more thorough definition of the rover model, including frame and coordinate

definitions as well as boundary conditions for the trajectories, refer to section 2 in

the prior work on gait optimization [4].

2.2 Central Pattern Generators

Central Pattern Generators (CPG), a form of neural circuit capable of producing

rhythmic motor impulses without a rhythmic input, have been found in most ver-

tebrate and are believed to form the basis for various repetitive motions, including

walking [9], [10]. These circuits are capable of producing these patterns in the absence

of sensory input, instead relying on sensory data to modulate the generated pattern.

Almost all known examples of CPG observed are formed of sets of reciprocally in-

hibitory neurons. In these sets, a high potential on one neuron inhibits the firing of

another. This other neuron will fire on rebound from the inhibition, producing the

5



(a) Single Neuron (b) Phase Ratio 0.5

(c) Phase Ratio 0.6 (d) Phase Ratio 0.65

Figure 4: Example patterns produced by Matsuoka oscillator. Figure 4a shows the
response of a single oscillator to a sinusoidal input signal. Figures 4b to 4d display
a half-centre oscillator self-stabilizing to a specified phase ratio from random initial
conditions.

(a) τ = 0.24 (b) τ = 1.00

Figure 5: Phase ratio versus skew value in the A matrix for two values of τ . Note
the linear region in both plots.
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observed oscillation. In the simplest case of two neurons, the neurons fire alternately

in a stable rhythm. This is known as a half-centre oscillator.

Various types of CPG models have been developed, such as connectionist models

[11], vector maps [12] and systems of coupled oscillators [13][14]. One of the more

commonly used models is the Matsuoka oscillator [14], described by the following

equations:

T
dx

dt
+ x = s−Ay − bT f (2)

τ
df

dt
+ f = y (3)

yi = max (xi, 0) (4)

aii = 0 (5)

Here, x describes the internal state of the neuron, y is the output, s is the input,

and f is the fatigue of the neuron. Each of these variables are n–dimensional vectors,

where n is the number of neurons modelled by the system. The remaining parameters

are constants describing the behaviour of the network. T and τ are time constants

inversely associated with the rate of growth and rate of decay, respectively, of the

output, A is an n× n matrix with a zero diagonal that describes the strength of the

connections between the set of neurons, and b is an n–dimensional vector describing

the strength of the fatigue for each neuron.

A single neuron exhibits some high-pass features, visible in fig. 4a. At the same

time, the magnitude of the steady-state neuron input is linearly proportional to mag-

nitude of the input. By adding a second neuron and forming a half-centre oscillator,

oscillatory motion is produced, shown in fig. 4.

For the half-centre oscillator, the value of T and τ control the frequency of the

oscillation. Assuming a constant ratio τ/T is maintained, the period of oscillation

becomes proportional to the value of T . In contrast, modifying this ratio affects the

transition between the oscillators; a large τ/T produces faster transitions and vice

versa.
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Similarly, A controls the phase ratio between the two oscillators. Here, an oscil-

lator is considered to be in-phase when its value is larger than the value of any other

oscillator; the phase ratio γ is then defined as the proportion of a cycle where one

oscillator is in-phase. By applying a skew δ to A,

a12 = 1.5− δ, a21 = 1.5 + δ (6)

the relationship observed in fig. 5 is obtained. In this way, the phase ratio of the

oscillation can be controlled while maintaining an approximately constant oscillation

period. Figure 5 also demonstrates that there exists an approximately linear relation-

ship for small values of δ. This relationship collapses when one neuron is no longer

able to reset to 0 at some point in the cycle, as demonstrated in figs. 4c and 4d. By

increasing the value of τ , the linear region can be expanded.

2.3 Recurrent Neural Networks

A Recurrent Neural Network (RNN) is a generalization of traditional feed-forward

neural network where the output of the network is in some way connected to the input

of the network. This allows for arbitrary-length sequences of data to be processed

and inferences to be drawn from them. Particularly, they allow for the conversion

of a sequence in one domain to a sequence in another domain. This has applied for

great results in the field of language translation [23], [24] and many other distinct

fields [25], [26].

In all the examples provided above, the flow of information is tightly controlled

between the input, hidden state, and output of the RNN. This is done through gates,

learned functions that control when and how the hidden state is updated. One com-

mon configuration of gates is known as a Gated Recurrent Unit (GRU) [24], defined
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by the following set of equations:

rt = σ(Wxrxt + bxr + Whrht−1 + bhr) (7)

zt = σ(Wxzxt + bxz + Whzht−1 + bhz) (8)

h̃t = tanh (Wxh̃xt + bxh̃ + rt(Whh̃ht−1 + bhh̃)) (9)

ht = (1− zt)h̃t + ztht−1 (10)

where t is the current time step, h is the hidden state, h̃ is the hidden state update,

rt is the reset gate, and zt is the update gate. W and vbb are the trainable weights

and biases that describe the behaviours of the network. In this formulation, when the

reset reset gate is close to zero, the network updates using only information from the

current time step, ignoring prior states. Meanwhile, the update gate controls whether

to update the hidden state with new information or preserve the prior states. This is

illustrated in fig. 6.

The purpose of controlling how the hidden states are updated is to separate long–

term dependencies from short term ones. Since each element of the hidden state

has its own update and reset gates, different hidden units can be trained to record

dependencies on differing time scales. As a result, the hidden state is not typically

directly used as the final output of the RNN; instead, the hidden state is fed to fully-

connected network to produce the desired output. Finally, in much the same way

as traditional feed-forward neural network, multiple GRUs can be stacked to identify

more complex features.
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Figure 6: Diagram showing components of a Gated Recurrent Unit (GRU) [24]. xt is
the input and ht is the hidden state.
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3 Gait Generation

Figure 7 illustrates the full optimization and testing structure. Section 3.1 describes

the fixed speed optimization, producing a set of optimized variables ϕ and joint

trajectories θ∗(t) based on Bezier curves (see section 2.1). The optimized variables

are used to initialize the CPG pattern generator, producing as a pattern x(t) based on

the desired speed v(t)) as described in section 3.2.1. Finally, the joint trajectories θ∗(t)

are used to perform the initial training of the RNN, as described in section 3.2.2, which

produces joint trajectories θ(t) based on the pattern x(t). Details on the selection of

the simulation environment can be found in appendix A.

3.1 Fixed Speed Optimization

In order to define the boundary conditions for the Bezier curves (section 2.1), a

number of parameters need to be defined as optimization variables. These are the

Pose (P ) variables, which includes the stride length, body pitch, initial off-sagittal

velocity, step clearance, joint configuration at AEP, net toe movement during swing

phase, and the metacarpal/metatarsal angular velocity at AEP and PEP. The duty

factors β of each leg and their relative phase offset φ compared to the front left leg

are also defined as optimization variables; these are known as the Gait (G) variables.

Finally, the target velocity is also optimized. In total, this amounts to 43 optimization

variables. All optimization variables are summarised in table 3.

These variables are optimized in a multi-objective optimization against two ob-

jective functions:

ΓT =
1

T

∫ T

0

‖τ‖2 dt (11)

ΓS = − 1

T

∫ T

0

(ẋB) dt (12)

where τ is a vector of all the joint torques at each time step, ẋB is the forward velocity

of the rover, and T is the total trial time. Equation (11) measures the total torque

exerted by each joint across the trial while eq. (12) measures the negative of the
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Table 3: The pose, gait and velocity variables for leg k.

ϕ Variables Notes
Total:
43

P k
a θk1AEP Hip joint angle at AEP for leg k 4

θk2AEP Knee joint angle at AEP for leg k 4
θk3AEP Ankle joint angle at AEP for leg k 4

P k
b ψ̇kAEP Metacarpal/Metatarsal’s angular velocity at AEP

for leg k
4

ψ̇kPEP Metacarpal/Metatarsal’s angular velocity at PEP
for leg k

4

ψknet Metacarpal/Metatarsal’s net angular change for leg
k

4

zknet Net change in hip’s height during stance for leg k 4
fkc Toe’s step clearance during swing phase for leg k 4

Pc λ Stride length 1
ψB Body Pitch 1
ẏB,i Initial out of sagittal plane velocity 1

G
βk Duty factor for leg k 4
φk Relative phase for leg k, excluding the front left leg 3

V V Forward velocity 1

12



Variable Speed Optimization

Fixed Speed Optimization

Online Gait Generator

PG-CPG PT-RNN

Simulation
Environment

Desired
Velocity Profile

Optimized
Trajectories

x(t) θ(t)v(t)

ϕ

θ∗(t)

Figure 7: Full optimization and testing structure. Solid lines represent direct data
flow while dashed lines represent data used for initialization.

average forward speed. These two objectives are simultaneously minimized using the

NSGA-II algorithm [27], a form of genetic algorithm, using a population size of 100,

recombination rate of 0.3, and mutation rate of 0.1. From this optimization, a set of

optimized trajectories θ∗(t) at some constant speeds is obtained.

For a more detailed explanation of the optimization variables and algorithm, as

well as the constraints imposed on the simulation, refer to section 3 in the original

work on gait optimization [4]. Note that formulation presented in the original work

also optimized the control gains for a PD controller at each joint. However, no

clear relationship was found to exist between the target velocity and the optimized

controller gains. Additionally, fixing the gains of each joint of an optimized parameter

set to a single, common value had very little effect on the (< 1%) torque objective.

Finally, with the control parameters accounting for more than half of the original

optimization variables, the rate of objective convergence could be be greatly increased

through their emission. For these reasons, the control gains were not optimized in

this work.
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3.2 Variable Speed Optimization

The online gait generator shown in fig. 7 can be divided into two parts: a Pattern

Generating CPG (PG-CPG) and a Pattern Transforming RNN (PT-RNN). The PG-

CPG is responsible for producing an oscillatory pattern x(t) that encapsulates the

information of the Gait optimization variables. Specifically, it produces an stable

oscillatory pattern that represents both the phase offsets between legs and the duty

factor of each leg. This oscillatory pattern is provided to the PT-RNN to produce

the target joint angles θ(t) at each time step. Both the PG-CPG and the PT-RNN

run with an update frequency of 1 kHz, matching the frequency of the simulation

environment.

3.2.1 Pattern Generating CPG

Figure 8 illustrates the structure of the PG-CPG. Twelve neurons are arranged into

two layers: a set of four neurons feeding into four pairs of neurons. The output of

the eight neurons forming the second layer produce the pattern x(t). s(t) is kept

at constant value of 1 for each neuron during steady-state operation with dynamics

arising solely through the mutually inhibitory connections between neurons.

The first layer functions as a phase generator, with each neuron producing the

phase offset φ for a single leg. The phase ratios are encoded into the 4 × 4 A matrix

by an extension method described in section 2.2 for setting the phase ratio γ of a half-

centre oscillator. Instead of optimizing the twelve non-zero elements of A individually,

four skew values δi are selected and applied to some initial A0:

A = A0 +



0 δ1 − δ2 δ1 − δ3 δ1 − δ4
δ2 − δ1 0 δ2 − δ3 δ2 − δ4
δ3 − δ1 δ3 − δ2 0 δ3 − δ4
δ4 − δ1 δ4 − δ2 δ4 − δ3 0


(13)

In this way, the phase offset φ of a leg is encoded as the timing of when the neuron

associated with that leg becomes in-phase, relative to the front left leg. A fully

14



Phase
Generator

Duty
Generator

Pattern Connections

x(t)

v(t)

Figure 8: Structure of the Pattern Generating CPG (PG-CPG). Each set of bi-
directional arrows represents a mutually inhibitory connections.

...
...

...
...

...

x1(t)

x2(t)

x8(t)

GRU

GRU

GRU

GRU

θ1(t)

θ12(t)

×8 ×12 ×12 ×25 ×12

Figure 9: Structure of Pattern Transforming RNN (PT-RNN). GRU layers are rep-
resented by boxes while fully connected layers are represented by circles. Dimensions
of each layer are labelled.
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connected CPG such as this one can produce multiple stable patterns representing

the ordering of the legs; to set the desired ordering, s(t) is controlled to a square wave

pattern for the first three cycles [14].

Similarly, a skew is applied to each pair of neurons the second layer to encode

the duty factor so that one neuron is in-phase during the swing phase and another is

in-phase during the stance phase. The stance neuron of each pair is also inhibited by

one neuron from the first layer. As this is an inhibitory connection, the stance neuron

is connected to the neuron representing the previous leg in the ordering, so the end

of the previous leg being in-phase marks the start of the stance phase of the current

leg. The strength of these connections is not optimized. Rather, they are set to a

relatively small value so that the phases of the two layers couple. These connections

are labelled as Pattern Connections in fig. 8.

The PG-CPG is also responsible for altering the pattern x(t) based on the target

velocity v(t). To change the velocity of a single gait, the ratio τ/T is scaled pro-

portionally, as describe in section 2.2. To transition between two gaits, eq. (11) is

modified:

T
dx

dt
+ x = s−A(t)y − bT f (14)

A(t) = (1− σs(v(t)− vT ))A1 + σs(v(t)− vT )A2 (15)

σs(v) =
esx

esx + 1
(16)

where A1 and A2 represent the connections forming the slower and faster gaits,

respectively, vt is the transition velocity, s is the rate of transition, and all other

variables are unchanged. In this formulation, 42 parameters can be used to described

the gait patterns across velocities: 20 for each of A1 and A2 (12 non-zero elements

for the first layer and 4 × 2 = 8 elements for the second), as well as the transition

velocity and rate of transition. A similar formulation can also be created for more

than two gaits.

16



3.2.2 Pattern Transforming RNN

Figure 9 illustrates the architecture of the PT-RNN. Based on the pattern produced

by the PG-CPG initialized with two gaits k, the network is initially trained to reduce

the loss of θ(t) relative to both optimized trajectories θ∗k(t) at their respective speeds.

Here the loss defined as average sum of squared errors across time:

`θ =
1

T

∫ T

0

(
‖θ∗1(t)− θ1(t)‖2 + ‖θ∗2(t)− θ2(t)‖2

)
dt (17)

In total, the model is composed of 2365 parameters.

3.2.3 Full Model Optimization

Together, the PG-CPG and the PT-RNN have a combined 2407 parameters. Defin-

ing these parameters as optimization variables, the NSGA-II algorithm described in

section 3.1 is applied to a population size of 1000 individuals. Note that the results

of the fixed speed optimization are no longer used during this stage of optimization.

17



4 Discussion

4.1 Fixed Speed Results

Both objective functions were optimized simultaneously using the NSGA-II algorithm

to produce the final Pareto front shown in fig. 10. In the prior work, sole optimization

of the speed objective (eq. (12)) was found to produce very inefficient gaiting at the

boundaries of the simulation constraints. After torque minimization (eq. (11)) at the

maximum obtained speed, the resulting gaits show marked differences, suggesting

that higher speeds were possible. Results obtained support this, with a maximum

obtained speed of 2.55 m s−1 in this work compared to 1.97 m s−1 in the previous work.

Figures 10 to 13 display selected results of this optimization.

Figure 11 shows the torque exerted by each joint of the front left leg across one

cycle. Accounting for the difference in gaiting, the torque curves share many similar-

ities. The magnitude of the torques, excluding the larger spike in the knee torque, is

very similar. However, the high-frequency oscillation observed in the original simula-

tion are absent, suggesting the desired improvement in numerical stability. The large

spike does warrant further investigation, however.

In fig. 12, the trend with respect to increasing speed is almost identical between

the two runs. These figures almost provide the clearest examples of the different

subpopulations forming the Pareto front, though their correspondence to specific gaits

is not clear. Finally, fig. 13 shows how the stride length changes with increasing speed.

In contrast to the original results, where the square of the stride length was found to

vary linearly with speed, here a linear relationship is observed up until approximately

1.1 m s−1 after which the stride length does not increase with increasing speed. Given

that only four points were sampled in the original optimization, it is not unreasonable

to assume that this relationship may have also held there.

From the fixed speed results, an optimized trajectory at 1.15 m s−1 and a trajectory

at 1.87 m s−1 are selected to initialized the PG-CPG and PT-RNN.

18



(a) Torque Convergence (b) Velocity Convergence

(c) Paretto Front

Figure 10: Objective results after training for 2000 generations. Figures 10a and 10b
show the convergence for the top 10 %, 20 % and 50 % of the population for the
torque objective and velocity objective, respectively. Figure 10c displays the final
Pareto front after 2000 generations.

19



0 0.05 0.1 0.15 0.2
−10

−8

−6

−4

−2

0

2

4

6

8 A B C D E F G H

Time After PEP (s)

T
or

qu
e 

(N
 m

)

(a) Front left hip torque MATLAB. (b) Front left hip torque PyBullet.
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(c) Front left knee torque MATLAB. (d) Front left knee torque PyBullet.

0 0.05 0.1 0.15 0.2
−3

−2

−1

0

1

2

3

4 A B C D E F G H

Time After PEP (s)

T
or

qu
e 

(N
 m

)

(e) Front left ankle torque MATLAB. (f) Front left ankle torque PyBullet.

Figure 11: Torques at maximum observed speed in the original optimization (left,
1.97 m s−1) and the new optimization (left, 2.55 m s−1)
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(a) Absolute Duration (b) Relative Fraction

(c) Absolute Duration (d) Relative Fraction

Figure 12: Proportion of each cycle in each phase versus attained speed. Figures 12a
and 12c show the absolute duration in the original and new optimization, respectively,
while figs. 12b and 12d show the relative fraction of the total duration in the original
and new optimization, respectively.
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Figure 13: Stride length versus attained speed.

4.2 Variable Speed Results

Unfortunately, results from a full optimization on the model, as described in sec-

tion 3.2.3, are unavailable. Based on initial attempts, training is estimated to require

around a month of full time training. The current situation makes this impractical

– a dedicated training machine is not available. Possible approaches to reduce the

training load are described in section 5. The rest of this section explores results

based solely on the initialized but untrained model in an attempt to provide a proof

of concept for the approach describe thus far.

To successfully transform the pattern x(t) into joint trajectories requires that the

model proposed in section 3.2.2 has sufficient capacity. Based on results obtained

from the initialization, this appears to be the case. Figure 14 shows the evolution of

the loss functions across 10 000 evaluations, taking approximately ten minutes. The

loss quickly and smoothly converges to a very small value, producing trajectories

almost indistinguishable from the original optimized trajectories. This suggests that

the model has at least the capacity to encode multiple gaits.

Figure 16 presents the response of the model to a steadily increasing velocity

profile. Two features immediately stand out from this figure. The first is that at

around 1.5 m s−1, the rover falls over and is unable to continue to follow the profile.
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Figure 14: Loss `θ versus elapsed generations during initialization of PT-RNN.

23



(a) Optimized trajectory at 1.15 m s−1. (b) Reproduced trajectory at 1.15 m s−1.

(c) Optimized trajectory at 1.87 m s−1. (d) Reproduced trajectory at 1.87 m s−1.

Figure 15: Three cycles of the original optimized trajectories for the two selected
gaits and the corresponding reproduced trajectories from the PT-RNN.
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Figure 16: Achieved rover speed compared with the target speed for an eight second
profile from 1 m s−1 to 2 m s−1. The transition speed between gaits was set to 1.5 m s−1,
about where the rover failed to maintain stability.
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This is also the speed set as the transition between the two learned gaits, so this

is not surprising1. The second is that, at least outside of the transition speeds, the

PT-RNN is able to control the period of oscillation to follow the desired speed profile

while remaining stable, despite having only been trained on two fixed speed profiles.

This further suggests that the PT-RNN has the capacity to encode gaits at a variety

of speeds, and, as a result, likely has sufficient capacity for the objectives of this work.

1What is, perhaps, surprising is that this is not always the case. On occasion, the rover will
complete the trial with violating any constraints. This seems to mostly be dependent on chance,
however.
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5 Future Work

The most pressing limitation in the current model is that, as formulated in the previ-

ous sections, only lateral sequence walks are produced. This is primarily a problem in

the fixed speed optimization, however, as all 100 optimized gaits were to some extent

a lateral sequence walk. For this reason, the formulation presented in section 3.2.1

assumes a lateral sequence walk. The fixed speed optimization aims, in essence, to

find a minimum-torque gait that is open-loop stable. The lack of more dynamic gaits,

such as a trot, in the optimization results suggests that it is difficult or impossible to

find dynamic gaits that are open-loop stable.

No such limitation presents itself for the PG-CPG. The first layer of the network

is the Phase Generator and is responsible for producing the leg ordering – as a fully

connected four-neuron CPG, it is easily able to reproduce almost any four-legged

walking rhythm [14]. Similarly, the PT-RNN does not make any assumptions about

the model and is able to produce an arbitrary set of joint trajectories. While any gait

can be encoded into these two networks, no mechanism exists to switch leg ordering.

As mentioned in section 3.2.1, the neuron inputs s(t) can be used to control the leg

ordering. This would require an additional network before the PG-CPG; a potential

layout for this extended gait generator is illustrated in fig. 17. The addition of the

Gait Control network serves two purposes: it allows for the switching of leg orderings

during gait transitions and it allows for the incorporation of feedback into the network.

Online Gait Generator

Gait Control

PG-CPG

PT-RNN
Simulation

Environment

Desired
Velocity Profile

τ(t)

v(t)

Figure 17: Extended optimization and testing structure.
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As a result, this new network is likely to be some form of RNN. By directly training

this architecture to produce torque-optimal gaits, the limitations presented by the

fixed-speed optimization can be overcome.

This architecture presents even more parameters, so the genetic algorithm used

previously is not likely to produce results in a feasible time-frame. Reinforcement-

learning algorithms are one approach to reducing the training time, having been

used to train a wide variety of quadruped control architectures [28]–[30]. However,

recent work presents the potential for even faster training by allowing a gradient to

be passed through the entire network. A number of papers have been released in the

past couple years exploring differentiable physics engines and showing their efficacy

at training quadruped control networks [31], [32]. Through the adjoint-method [33],

it is also possible to pass a gradient over the differential equations defining a CPG in

a memory and computationally efficient way. Thus, the architecture would be trained

end-to-end using traditional gradient descent methods and the CPG would form an

oscillatory layer inside a larger RNN. Further exploration is needed to determine the

viability of this approach.
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6 Conclusion

In a prior work, a method for gait optimization at various fixed speeds was explored

and the effects of speed on gait type was examined. This work presents a self-

contained gait generation architecture that can produce torque-optimal gaits based

only on the desired speed profile. This is accomplished through the combination of a

central pattern generator to produce the required gait pattern and a recurrent neural

network to transform this pattern into a set of joint trajectories. The results of the

multi-objective fixed speed optimization are used to initialize this network.

Unfortunately, time and resources did not permit the full training of the archi-

tecture. Preliminary results based on the fixed-speed initialization however, suggest

that the presented architecture has sufficient capacity to encode the desired gaits.

Particularly, when selecting two gaits from the fixed-speed optimization, the network

is able to reproduce them with minimal loss. Furthermore, despite being trained on

only two gaits at two fixed speed, a stable gait matching the speed profile is formed.

As expected, gait transitions on the untrained model are still unstable.

To address the limitations presented by the fixed-speed optimization and the resul-

tant lateral sequence gaits, an extension on this work is proposed. By incorporating

an additional recurrent network providing inputs into the CPG, pattern-switching

and feedback can be obtained. This may allow for more dynamic gaits to be pro-

duced. Recent work has presented the possibility of end-to-end training, potentially

greatly reducing the training time needed.
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A Bullet Simulation Environment

The original simulation environment was implemented in MATLAB and Simulink,

however, some limitations in this setup encouraged the reimplementation in a new

environment. First, several numerical issues were observed. While a foot is in contact

with the ground, a very small time step is required to ensure numerical stability in

the result. This also means that the performance is very poor, requiring a significant

amount of time to complete the optimization (each optimization run required several

weeks of run time to converge). Finally, reproducibility of results was quite low,

especially at higher speeds: the final parameter set produced by the optimization was

often not completely stable.

Given these issues, a new simulator was desired. The following criteria were

considered in making the selection of physics engine and simulation environment:

• The physics engine must have a baked-in collision detection algorithm, this

being the source of the majority of the performance loss

• The physics engine must provide all necessary functionality (i.e. torque/pd

control of joints, joint measurements)

• The physics engine should produce consistent, realistic results

• The simulation environment should be easy to develop and debug

• The simulation environment should be represented in existing robotics literature

Several comparisons of different physics engines were consulted to help select the

most suitable engine [34]–[36] – some summary figures are shown in appendix A. While

Simulink is not included in these comparisons, the limitations described above mean

it would not be suitable for use in this project. It is clear from these comparisons that

no one openly available physics engine is superior to the others in every regard, so the

simulation environment associated with each physics engine must also be considered.

In this regard, PyBullet [37] emerges as the clear favourite. With a Python bind-

ing, PyBullet is exceptional easy to install, develop and debug. It can be used in
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tandem with many powerful Python packages as a result, including NumPy, SciPy

and PyTorch, diminishing many of downsides of migrating from MATLAB. Addi-

tionally, several notable papers have been released recently using PyBullet as their

simulation environment [38]–[40]. Thus, PyBullet and, by extension, Bullet are chosen

to create the new simulation environment.

Three constraint solvers are available within PyBullet; their performance in terms

of deviation from the sagittal plane and average velocity is shown in appendix A.

Based primarily on fig. 21a, the PGS solver was selected to run the optimization

trial. Additionally, a simulation time step of 1 ms (1 kHz) was found to provide a

reasonable trade-off between simulation accuracy and performance.
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Figure 18: Error in energy and momentum for two different tests (humanoid in zero
gravity and planar chain) for a variety of physics engines [35]. In each test, the bullet
physics engine maintains comparable or above average performance relative to other
physics engines.
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Figure 19: Qualitative performance of various physics engines in sample tasks, as
determined by creators of RaiSim [34]. Overall, bullet maintains performance com-
parable to other physics engines.
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Figure 20: Example simulation window produced by PyBullet.
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(a) Horizontal deviation from sagittal plane
for unoptimized parameter set.

(b) Average forward velocity over half-second
interval for unoptimized parameter set.

(c) Horizontal deviation from sagittal plane
for optimized parameter set.

(d) Average forward velocity over half-second
interval for
optimized parameter set.

Figure 21: Comparison of available constraint solvers in PyBullet in terms of hori-
zontal deviation and average velocity. Figures 21a and 21b show the results for an
unoptimized parameter set at 1.5 m s−1 while figs. 21c and 21d show the results for
an optimized parameter set at 2.5 m s−1.
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